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All roads lead to Rome:
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ABSTRACT
We show expliitly that the two reently proposed ations for the
type IIB superstring propagating on AdS5 × S5 agree ompletely.
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In the last period there has been quite a lot of ativity in nding the GS
ation for a type IIB string propagating on AdS5 × S5, this has resulted in two
proposals whih are apparently dierent.
It is purpose of this letter to show that they are exatly the same thus
larifying some doubts.
The rst proposed ation ([7℄) reads
S =
∫
d2ξ
√−g gαβ 12×{
ηpq
ρ2
e2
[
∂αx
p + ie4
(
ϑ†N σ˜p∂αθN − ∂αϑ†N σ˜pθN
)] [
∂βx
q + ie4
(
ϑ†M σ˜q∂βθM − ∂βϑ†M σ˜qθM
)]
− 1e2
∂αρ∂βρ
ρ2 − 4e2 δij
∂αz
i∂βz
j
(1−z2)2
}
− i4eρ
[
dθ†Nσ2dθ∗M ηN (z)ηcM (z) + dθ
T
Nσ2dθM η
N
c (z)η
M (z)
]
(1)
and it was obtained using the supersolvable algebra tenique ([6℄) while the
other ([4℄[5℄[1℄[2℄[3℄) reads
S = −1
2
∫
d2ξ
[√−g gαβy2 (∂αxp + 2i ϑ̂Γp∂αθ̂)(∂βxp + 2i ϑ̂Γp∂β θ̂)+ 1y2 ∂αyt∂βyt
+4iǫαβ ∂αy
t ϑ̂Γt∂β θ̂
]
(2)
Let us now speify the notations and spell out the dierenes of the two ations.
The rst thing to notie and the most trivial is that the rst one uses a mostly
minus metri while the seond one uses a mostly plus metri. Seond the indees
run as follows p, q, . . . = 0, . . . , 3, i, j, . . . = 5, . . . , 9 , t, u, . . . = 4, . . . , 9 beause
the rst one uses horospherial oordinates {xp, ρ} on AdS5 and projetive
{
zi
}
oordinates on S5 while the seond one uses artesian oordinates {xp, yt}. But
the most striking dierene is in the fermioni setor: the fermioni oordinates
in ( 1) θN are a set of N = 4 Weyl spinor in D = 4 (or that is the same half a
spinor in D = 5 : this is the eet of xing the κ symmetry on AdS5|4 ) while
the ones used in (6) θ̂ are a Majorana -Weyl spinor in D = 10 . In addition
to this in (1) enter the -number Killing spinors on S5 η
N
and their onjugate
1
ηNc ≡ C5η†N 2whih satisfy the equation
DSO(5)η
N ≡
(
d− 1
4
̟ijτij
)
ηN = −e
2
τiη
NEi
In order to ompare the two ations we need the expliit form of these Killing
spinors; this is not too hard to obtain with the help of the ansatz
ηN =
(
a(z2) + b(z2) ziτi
)
ǫN
where ǫN are onstant spinors. The result is3
ηN =
1√
1− z2
(
1− ziτi
)
ǫN
ηNc =
1√
1− z2
(
1 + ziτi
)
ǫN (3)
2
We use the following 10D Γ representation in terms of the AdS5 γa matries and of the
orresponding S5 τ
i
matries
Γâ =
{
γa ⊗ 14 ⊗ σ1 , 14 ⊗ τ
i ⊗ (−σ2)
}
with â, b̂, . . . = 0 . . . 9 , a, b, . . . = 0 . . . 4 and i, j, . . . = 5 . . . 9.
And we write the 10D harge onjugation as
Ĉ = C ⊗ C5 ⊗ σ2
where C , C5 are the AdS5 and S5 harge onjugation matries.
All C .s , C−1γa , C−15 τ
i
are antisymmetri while Ĉ−1Γâ are symmetri.
Moreover we use the following (1+4)D γ expliit representation
γp =
(
σp
σ˜p
)
γ4 =
(
i 12
−i 12
)
C =
(
iσ2
iσ2
)
with p, q, . . . = 0 . . . 3, σp = {12,−σ1,−σ2,−σ3} and σ˜p = {12, σ1, σ2, σ3}
and the following 5D τ
τ5 = iγ0 τ6,...,9 = γ1,...,4 C5 = C
3
Our onventions for the S5 oset manifold with the Killing indued metri, i.e. negative
denite, are
dEi −̟i.jE
j = 0
d̟ij −̟ik̟.j
k
= e2EiEj
where all the potentials depend on the oordinate z. Expliitly we have ( z2 = ηijz
izj =
−δijzizj )
Ei =
2
e
dzi
1− z2
̟ij =
4z[idzj]
1− z2
2
with ǫ
†
N ǫ
M = δMN in order to satisfy the normalisation ondition η
†
Mη
N = δNM ;
we an therefore hoose the normalisation ǫNα = δ
N
α (α is the 4D spinor index).
When we insert this expression in (1) we get
S =
∫
d2ξ
√−g gαβ 12×{
ηpq
ρ2
e2
[
∂αx
p + ie4
(
ϑ†N σ˜p∂αθN − ∂αϑ†N σ˜pθN
)] [
∂βx
q + ie4
(
ϑ†M σ˜q∂βθM − ∂βϑ†M σ˜qθM
)]
− 1e2
∂αρ∂βρ
ρ2 − 4e2 δij
∂αz
i∂βz
j
(1−z2)2
}
− i4eρ 1+z
2
1−z2
[
dθ†Nσ2dθ∗M ǫ
†
NC5ǫ
∗
M + dθ
T
Nσ2dθM ǫ
T NC−15 ǫ
M
]
− i4eρ 2z
i
1−z2
[
dθ†Nσ2dθ∗M ǫ
†
NτiC5ǫ
∗
M − dθTNσ2dθM ǫT NC−15 τiǫM
]
The omparison between the two bosoni kineti terms and the two WZ terms
suggests the following hange of variables
y4 = ρ
1 + z2
1− z2
yi = ρ
2zi
1− z2 (4)
In this way the bosoni part of the two ations (1) and (6) agrees perfetly; in
partiular we get:
dy2
y2
=
dρ2
ρ2
− 4 dz
2
(1− z2)2
We are left with the task of making a 10D Majorana-Weyl spinor θ̂ out of 4
4D Weyl spinors θN and 4 onstant 5D spinors ǫ
N
. To this purpose we notie
that with our onventions the following 10D spinor is Majorana-Weyl for all the
4D spinors αN :
ΘMW =


(
αN
σ2α
∗M C5NM
)
⊗ ǫN
016


We an now ompute all the relevant two fermions urrents ΘMW 1Γ
âΘMW 2
using the expliit expression for ǫN explitly:
ΘMW 1Γ
pΘMW 2 = α
†N
1 σ˜
pαN 2 − α†N2 σ˜pαN 1
ΘMW 1Γ
4ΘMW 2 = i α
†N
1 σ2α
∗M
2 ǫ
†
NC5ǫ
∗
M − i αTN 1σ2αM 2 ǫT NC−15 ǫM
ΘMW 1Γ
iΘMW 2 = −i α†N1 σ2α∗M2 ǫ†Nτ iC5ǫ∗M − i αTN 1σ2αM 2 ǫT NC−15 τ iǫM
In order to make the WZ term to agree we have to set αN =
1
2
√
2
eipi/4θN ,
expliitly
3
θ̂ =
1
2
√
2
e
ιpi
4


(
θN
−i σ2θ∗M C5NM
)
⊗ ǫN
016


(5)
With this substitution our ation (1) beomes
S = −1
2
∫
d2ξ
√−g gαβ
[
y2
e2
(
∂αx
p + 2ie ϑ̂Γp∂αθ̂
)(
∂βxp + 2ie ϑ̂Γp∂β θ̂
)
+ 1e2 y2 ∂αy
t∂βyt
]
−4 ieyt dϑ̂Γtdθ̂
whih oinides with (6) exatly after performing an integration by part of the
WZ term, thus proving the exat equivalene of the two proposed ations (at
least on a word sheet without holes).
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